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n this paper we review recent progress in the theoret-
I ical understanding of the peculiarities of photogalvanic
phenomena, photon drag, and the inverse Faraday effects
in superconductors and hybrid superconducting structures.
Our study is based on the time-dependent Ginzburg-Landau
theory with a complex-valued relaxation constant, which pro-
vides the simplest description of the mechanisms of the
second-order nonlinear effects in the electrodynamic response
and related mechanisms for the generation of dc photocur-
rents and magnetic moment, as well as switching between
different current states under the influence of electromag-
netic radiation of various polarizations.

1 Introduction

Different aspects of nonlinear electrodynamics of super-
conductors have attracted the interest of both experimen-
talists and theoreticians for many decades. These stud-
ies revealed a number of fascinating physical phenomena
and suggested various directions for applications. Most
of these phenomena arise from the obvious fact that the
superfluid density is partially suppressed by the supercur-
rents induced by the electromagnetic wave, and the mod-
ulation of this quantity results in nonlinear corrections to
the microwave response that are odd in the amplitude of
the electromagnetic signal. The simplest example is the
third-order nonlinearity, which is responsible for the gen-
eration of the third harmonic in the supercurrent and can
be obtained already within the Ginzburg-Landau (GL)
formalism. Much less is known about the electrodynamic
response of superconducting condensates containing the
even-order terms in the wave amplitude. Meanwhile, such
nonlinearities can be not only exceptionally interesting
from the fundamental point of view but also provide a
very promising route to a number of applications in su-
perconducting optoelectronics or optofluxonics. The goal
of our recent works'® has been to fill this gap and pro-
vide a theoretical description of possible nonlinear effects
originating from the second-order nonlinear response in
superconducting materials and hybrid structures.

In general, even-order nonlinearities in the electrody-
namic response can give rise to two experimentally mea-
surable effects:® 2! (i) generation of even harmonics of
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the primary wave frequency, (ii) generation of a recti-
fied dc current. At this point, it is useful to note an
important difference between the photogalvanic phenom-
ena in normal and superconducting systems related to
the dissipationless nature of supercurrents. Indeed, dc
photocurrents generated by an electromagnetic pulse in a
nonsuperconducting material should decay within a cer-
tain characteristic time after switching off the pulse due
to Ohmic losses. In superconducting systems these cur-
rents can in principle persist even without a supporting
primary electromagnetic wave, which in this case plays
the role of trigger switching the superconductor between
different current-carrying states. Certainly, such switch-
ing can occur only under appropriate conditions, and the
resulting stable current states must be protected from
relaxation processes. An obvious way to realize this pro-
tection is to switch between superfluid states, that dif-
fer by their topology. A well-known example of such a
topologically protected state in superfluid systems is a
state with nonzero vorticity or winding number. In other
words, photoinduced currents in superconductors can in
principle be used to create and switch vortex configu-
rations.? 2223 This possibility looks very tempting as it
provides an alternative to the switching by magnetic field
being at the same time faster and, thus, more perspec-
tive for any logic based on manipulation of fluxons such
as rapid single-flux quantum (RSFQ) logic.?*

Hereafter, we focus on the simplest, lowest-order non-
linearity of the material, namely on the current contribu-
tion that is the second order in the electric field of the in-
cident electromagnetic wave. In terms of complex-valued
Fourier components a general expression describing the
linear and second-order nonlinear response in a conduct-
ing medium takes the form:

gnmlEmEl e?’i(kl‘—wt)7

where j,, and E,, are the current density and electric field
components (here n = z,y,2); 0,,, is the conductivity
tensor; (,,,,,; and fnml are the third-rank tensors describ-
ing the dc and second harmonic contributions to the non-
linear response; repeated indices imply summation. Con-

sidering the mechanisms responsible for a nonzero tensor
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Chmi» We can first mention media with a certain polar
vector d that breaks material isotropy. In this case, the
tensor can be written as follows:

Cnml = Cldn5ml + 025nmdl7

where 0,,; is the Kronecker symbol, C; and C, are material-
dependent constants. We get here an example of a mate-
rial with an intrinsic diode effect, or nonreciprocal elec-
tromagnetic response. In nonsuperconducting materials
these phenomena are well known to manifest itself, e.g., in
the linear dependence of resistivity on the applied electric
field or current density and thus in the obvious asymme-
try of the current-voltage characteristics. Generalizing
the above expressions to the case of superconductors, we
can expect that the corresponding superconducting diode
effect should result in asymmetry in the nonlinear relation
between the current density and the superfluid velocity,
as well as in the directional dependence of the critical
depairing current destroying the superconducting state.
The manifestations of the diode effect in different super-
conducting hybrid systems have been discussed for sev-
eral decades for Josephson junctions,?® ratchet-type pin-
ning?® etc., and recently revisited in connection with ex-
periments on multilayers®” (see also Ref. [28] for review).
One of the popular scenarios for the intrinsic diode effect
relates to the so-called magnetochiral anisotropy arising
in the presence of both spin-orbit and Zeeman-type effects
in low-dimensional proximitized systems. In this case, the
above polar vector takes the form of a vector product of
the Zeeman (or exchange) field and a vector perpendic-
ular to the interface of materials in the layered struc-
ture, originating from the Rashba-type expression for the
interface spin-orbit interaction.2?3* Another exemplary
mechanism responsible for the appearance of the second-
order nonlinear response can originate from the wave vec-
tor k of the electromagnetic radiation, and the appropri-
ate tensor takes the form: (., = W, .,.k;. Such ex-
pressions are typical for systems revealing the so-called
photon drag effect, caused by the transfer of momen-
tum from the electromagnetic radiation to the electrons.
Circular polarization of light provides another interest-
ing version of the second-order nonlinear phenomenon
associated with the transfer of angular momentum and
the resulting inverse Faraday effect, predicted first by
L. P. Pitaevsky.?® In the latter case, the incident electro-
magnetic wave generates a magnetic moment determined
by the helicity of the radiation.

We now briefly discuss one important peculiarity of
the superconducting systems, which strongly affects the
physics of electromagnetic response and, in particular,
the nonlinear effects. The point is that in a supercon-
ducting material we have two different types of carriers
responsible for the flowing charge current: Cooper pairs
and quasiparticles. Both types of charged fluids are af-
fected by the applied electric field and by the gradients
of their chemical potentials. In a normal metal with a
single type of charge carriers the presence of the gradi-
ent of chemical potential generates a diffusion current,
which can be added to the current generated by the elec-
tric field, resulting in the total electrochemical field that

moves electrons. It is this field that in fact enters the
above expressions for current in a normal metal.

In a system with two types of carriers, the chemi-
cal potentials in a nonequilibrium transport state can be
different, so we can no longer introduce a single electro-
chemical field acting on all carriers. This is why in su-
perconductors it is convenient to introduce two sources
of current: (i) an electrochemical field accounting for the
gradient of chemical potential of quasiparticles, and (ii)
the gradient of the difference between the chemical po-
tential of quasiparticles and Cooper pairs, denoted as ®.
The latter quantity, also known as the charge imbalance
potential, is nonzero in many problems of nonequilibrium
superconductivity. Thus, when considering nonlinear ef-
fects, we should now take an additional mechanism of
nonlinearity into account and rewrite the expressions for
the current to include both the fields E and V®.

Another important peculiarity of superconductors is
that the dc photocurrents generated according to any of
the above mechanisms can be screened by supercurrents
flowing at zero frequency. These currents can flow in
the opposite directions and consist of two contributions:
one from the vector potential, which gives the Meissner
screening, and another from the gradient of the supercon-
ducting phase, which is needed to guarantee the current
continuity condition.

Note also that all photogalvanic and photon drag phe-
nomena discussed above persist at temperatures slightly
above the critical temperature due to the presence of
superconducting fluctuations. Some examples of micro-
scopic and phenomenological models treating this situa-
tion can be found in Refs. [36-40].

After these brief introductory notes we proceed with
the discussion of several particular scenarios illustrating
generation of the dc supercurrents by the electromagnetic
wave.

2 Photogalvanic phenomena in supercon-
ducting hybrids with the diode effect

A universal description of the intrinsic diode phenom-
ena in the superconducting state can be obtained within
a modified version of the phenomenological GL theory.
The presence of a preferable current direction can be ac-
counted in this theory by introducing the terms odd in
the spatial derivatives of the order parameter into the GL
functional. To specify the form of these terms it is con-
venient to keep in mind some particular scenario of the
nonreciprocal effects. As such a scenario, we choose here a
bilayer structure consisting of a thin superconducting film
covered by a magnetic material. The latter is assumed to
be responsible for an exchange field acting on the spins
of the superconducting electrons. This spin-splitting field
can in principle be momentum-dependent, either due to
the spin-orbit effects at the sample interface or due to the
nontrivial spatial symmetry of the orbitals with ordered
localized spins in the magnetic layer, which appears, e.g.,
in altermagnetic materials. To guess the form of the gra-
dient terms in the effective GL functional averaged over
the bilayer thickness, it is instructive to start from the
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averaged single-particle Hamiltonian, omitting first the
attraction between electrons:
N f)2

€

’Y’nmsla-nﬁmpsﬁl + hnms6nﬁmﬁsa (1)

where p and m, are the electron momentum and mass,
respectively; &,, with n = x,y, z are the Pauli matrices,
and the summation over the repeated indices is assumed.
The field h is the standard exchange field, the tensor
o, describes terms linear in the electron momentum
and thus can correspond, e.g., to the Rashba spin-orbit
coupling at the interface (for o, = ang€,,,, with the
Levi-Civita tensor €g,,, and the unit vector n, normal
to the interface). The tensors 7,,,, and h,,,, describe
the momentum dependence of the exchange field men-
tioned above. The GL free energy for a singlet pairing
can not depend of course on the spin operator, and when
constructing the GL functional, one should replace the
electronic spin in the above Hamiltonian with the aver-
aged spin polarization induced by one of the spin-splitting
fields. Thus, the recipe to get the relevant GL gradient
terms should look as follows: take all possible products of
different pairs of spin-splitting fields in the above Hamil-
tonian (1) and replace the momentum p by the gradient
of the GL order parameter, elongated by the vector po-
tential to guarantee gauge invariance. Finally, we obtain
the following possible contributions to the odd-gradient
part of the free energy density:

Fl ~ flqj*anmhnbm(l + 77]52)\117 (2)
F2 ~ fZ\I/*’ynmslhn'Dmf)le\I,? (3)
F3 ~ fS\II*antnlemf)le\p’ (4)
where D = —ihV — 2eA/c is the gauge-invariant mo-

mentum operator (here e < 0). The term F; describes
the joint effect of the Rashba spin-orbit term and ex-
change field, Fi, describes the structure with higher-order
momentum-dependent spin-orbit interaction and exchange
field, and F; corresponds to the Rashba-type coupling in
the bilayer with a d-wave altermagnetic material.

The expressions (2)—(4) have been constructed based
solely on symmetry arguments, namely from the fact that
all contributions to the free energy should be scalars and
thus the related gradient terms should be proportional
to scalar products of different momentum-dependent ex-
change field terms in Eq. (1). This line of symmetry-
based reasoning cannot, of course, exclude the depen-
dence of the prefactors f;, fy, fs in expressions (2)—(4)
on the convolutions of the tensors entering the Eq. (1).
The full expressions for the coefficients in (2)—(4) can be
obtained only on the basis of microscopic theory. To illus-
trate the possible nonlinear dependence of the prefactors
on the tensor convolutions, one can consider, e.g., a di-
rect derivation of the invariant I} presented in Ref. [41].
For this purpose, we should restrict ourselves to the first
three terms in the Eq. (1) and exploit a standard Gor’kov

mean-field approach, which gives us the self-consistency
equation for the superconducting gap:

A*(r) = gTZTr {6’+FT(I‘, r)} , (5)

Wn,

where ¢ is the BCS coupling constant, T is the system
temperature, 64 = (65 +16,)/2 is the combination of the
Pauli matrices in the spin space, and F'! is the anoma-
lous Green function, which should be obtained from the
Gor’kov equations (see Ref. [41]). To get the gradient
terms in the Ginzburg-Landau equation, it is sufficient to
expand Eq. (5) up to terms linear in A:

L™ (q)A*(q) =0,

where the propagator reads as

L™= $+
Y / Tr [&+é0 (p— %) i62Cl (p+g)}. (6)

Choosing the particular configuration of the quantization
axis as h||x, and ngy||z, we get

A 1

Golp) = W~

Do ( h —a(p, —ip,)

where Dy = (iw,, — fp)Q —h?—a?p? + 2ahp,; the normal-
metal spectrum is £, = p*/(2m,) — p; p is the chemical
potential; and p = (pw,py) is the momentum vector. To
restore the GL free energy functional we should expand
Eq. (6) in powers of momentum ¢ and multiply L=! by
|A(q)|?. For a weak Zeeman field, namely h < app < T,
(here T, is the critical temperature of the superconduc-
tor), we find

h —a(p, +ip,) ) )

w,, — §p

Fy = (ao + a,h? + q[ng x h| (ay + a3q2)+
a,q” +ayq') A, (8)

where h, is the in-plane component of the Zeeman field,
the coefficients read

o=y (L),

c

¢(5) N(0)
aq :O[Ca 327(_4 TC2 5
_ 7¢(3) viN(0)
27 B2 T2
1 2N
o, 19056(T) 2N (O

@ 204876  T1

o = 93(5) vpN(0)
YT 204874 TA

7C(3)  31¢(5) a?p? h2
o0 (-5 o ().
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the value C,, is defined as C,, = o?p% /T2, and N(0) is
the density of states at the Fermi level. Replacing now
q with the operator D and keeping in mind that A o ¥,
one can easily restore the form of the gradient terms in
Eq. (2). Clearly, the above derivation shows that the co-
efficient f; depends quadratically on « in the considered
model and parameter range. Note that similar results
have been previously obtained in Refs. [31,32,42]. Inter-
estingly, in the strong spin-orbit coupling (SOC) regime
the dependence of the coefficient f; on «a disappears.3:42

Using now the London-type model, i.e., neglecting
changes in the absolute value of the order parameter, and
introducing the superconducting phase x and the super-
fluid velocity

h 2e
V_Qm(vx_hcA>’ (9)

we find the analogue of the above nonlinear expression
for the current:

j’ﬂ = Q7lmvm62(kr7Wt) + anlv’rnvzk+
R v, ve2i0er—et),
Note that here we have shifted the superfluid velocity (in
other words, the phase gradient) to exclude an additional
term linear in v that appears in the expression for the
value F}, so that the free energy minimum corresponds
to zero velocity v.

To apply this expression for the analysis of nonlin-
ear electrodynamics and related nonreciprocal phenom-
ena, we can consider a superconducting film of the thick-
ness d, irradiated by a linearly polarized electromagnetic
wave with a wave vector perpendicular to the film sur-
face. The thickness d, is assumed to be much larger than
the interatomic distance to ensure full electromagnetic
wave reflection but, at the same time, much smaller than
the London penetration depth. The latter condition al-
lows us to neglect the spatial distribution of the optically
induced electric current across the film. For further cal-
culations, it is convenient to consider the magnetic field
of the incident wave in the plane of the film in the form
B =Re (Bwe_i‘*’t)7 where B, is the complex-valued am-
plitude of the wave and w is the wave frequency. Then
integrating the Maxwell equation for curl B over the film
thickness we get:

4
2(ng x B,) = —jud,, (10)

where j,, is the complex amplitude of the supercurrent
at the frequency w, and the factor 2 on the Lh.s. of
Eq. (10) accounts for the doubling of the amplitude of
the magnetic field at the sample boundary due to the
full reflection of the incident wave. Considering the prob-
lem perturbatively, we can express the superfluid veloc-
ity amplitude at the frequency of the incident wave from
the relation j,, = Q,mVUm. and substitute it into the
expression for the rectified current j,, ;. = R,V Vl-
Further solution strongly depends on the proposed ex-
perimental setup and resulting boundary conditions. In-
deed, if the irradiated sample is not included into the

closed superconducting loop that would allow to get a
circulating nonzero current, the dc photocurrent (given
by the second term in the above expression) cannot flow
through the sample edges. The continuity of the current
in this case requires the generation of a dc phase gradi-
ent that would compensate the dc photocurrent, and as a
result, we obtain a nonzero phase difference at the edges
of the sample. Thus, we get a superconducting phase
battery.*>4* Assuming, for simplicity the tensor @Q,,,, to
be diagonal, we find the resulting phase difference in the
form: 0x ~ RumiVUmwti, ~ B pidmwdis,-

If, on the contrary, the sample is part of a closed su-
perconducting contour, the dc photocurrent generates the
circulating supercurrent and the flux in this loop, and by
changing the amplitude of the electromagnetic wave we
can observe vortex entry/exit (see Ref. [7] for details).

Charge imbalance potential as the source of
photogalvanic and drag phenomena

Let us now switch to another mechanism responsible for
the second-order nonlinear response in superconductor
mentioned in the introduction, i.e., to the effects caused
by the generation of the charge imbalance potential. The
kernel @ in the relation between the supercurrent and su-
perfluid velocity should depend on the chemical potential
. Expanding this kernel up to the linear correction to
u, we find:

i=Quv+ gffeév. (11)

The second term here obviously gives us the desired non-
linearity, since the potential ® is also generated by the
electromagnetic wave. Note that we omit here possible
contribution to the photon drag phenomenon associated
with small changes in the total electronic density due to
the electric field effect.*>

More careful calculations can be carried out within
the time-dependent GL theory. The dynamics of the su-
perconducting order parameter ¥ at temperatures 7' near
T, is described by the equation

_oF
5

Toy

(i) <haq’ + 2ie¢>\1/) = (12)

ot

where F' is the GL free energy

1
/ {_%Tcg |0)* + — |DU]? + 3, |\1z4] dr. (13)
4my,

Here Fy is the system free energy in the normal state,
o and 3, are the standard GL coeflicients, &, is the su-
perconducting zero-temperature coherence length, mq, =
h?/(4ayT.£3), e =1 —T/T,, ¢ is the electrochemical po-
tential of quasiparticles. The key ingredient of Eq. (12) is
the imaginary part v of the GL relaxation constant that
arises due to the small electron-hole asymmetry and is
responsible for the photon drag phenomena.! 357846 Tg
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make the physics beyond these phenomena more trans-
parent we explicitly introduce the real-valued gap func-
tion A and the superconducting phase x so that ¥ =
Ae'X. Then the superconducting current j, reads

j. = 2eA%v, (14)

where v is the superfluid velocity, see Eq. (9). The dy-
namics of A is controlled by the real part of the GL equa-
tion (12):

oy OA
?OHE — (aoTcE — mOVQ) A—
h _, TQy =~
——V2A 4 BpA% = —LredA, (15
4m0V +,80 4 ve 5 ( )
where the charge imbalance potential o = ¢ =y, is

the difference between the chemical potential of quasi-
particles ¢ and the chemical potential of Cooper pairs
t, = — (h/2e) Ox/0t. In the absence of the electron-hole
asymmetry (at v = 0), the superconducting current con-
tains only contributions that are odd with respect to the
superconducting velocity v. The even contributions may
arise only provided (i) v # 0, and (ii) the electromag-
netic field of the incident wave induces oscillations of the
potential ®, which, according to Eq. (15), then become
transformed into oscillations of the gap function A. Note
that the second condition is fulfilled only if the electric
field E of the wave has a component perpendicular to the
sample surface. To show this, we derive the equation for
®, which directly follows from the imaginary part of the
GL equation (12) and the Maxwell equation

4. 10E

curl B = c‘]+c ETR
where B = curl A is the magnetic field and j is the to-
tal current containing both normal and superconducting
components: j = cE+j, (here o is the normal-state con-
ductivity of the superconductor). Restricting ourselves
to the contributions of the first-order in the small pa-
rameter v in the final expressions for the current, we ne-
glect the deviation of the gap function from the equilib-
rium value Ay = /(ayT./Bo) e when dealing with the

equation for ® and, therefore, assume the London pen-

etration depth A = /myc?/ (8me2A3) to be constant.

Considering e ~** processes and taking into account that
E = -V¢ — (1/c) DA /Ot, we rewrite the expression for
the supercurrent (14) in a more convenient form

LG (E+v<i>) (16)
Is = Lronz '
Finally, substituting this expression into the above

Maxwell equation, taking the divergence of the result,
and combining it with imaginary part of the GL equation
(12), we find

2V = O, (17)
where 1/13 = 1/1% — iwt /€%, Iy = \/ho/ (ne2apA?) is

the typical scale of conversion between superconducting

and normal currents, 7 = 7wh/ (87.¢) is the characteristic
timescale of the GL theory, and { = \/h?/ (dmyeT,€)
is the superconducting correlation length. The obtained
equation for the charge imbalance potential ® does not
contain sources. At the same time, the superconducting
current (16) should not have a component perpendicular
to the sample surface, which means that the presence of
the corresponding component in the field E of the inci-
dent wave gives rise to a nonzero gradient Vo and, thus,
induces the spatial oscillation of the gap potential A con-
trolled by Eq. (15).

The further details of the photocurrent generation de-
pend on the sample geometry as well as on the angle
of incidence and the polarization of the electromagnetic
wave. For illustration, below we consider three situations,
namely, (i) the photon drag effect arising in a supercon-
ducting half-space under the influence of a wave with the
linear F polarization, (ii) the inverse Faraday effect in a
superconducting disk radiated by the circularly polarized
light, and (iii) photogalvanic phenomena originating from
the interaction of a superconductor with structured light.

Photon drag effect in superconducting half-space

Here we consider a superconductor occupying the half-
space z > 0 and irradiated by an electromagnetic wave
of the E-polarization.® The magnetic field outside the
superconductor (for z < 0) reads

By _ Boefithrik sin Oz (6ik cos 0z + ,r,efik cos 92) , (18)

where k = w/c, By is the amplitude of the incident wave,
0 is the angle of incidence, which we assume to be not
very large, and r is the complex reflection coefficient. For
simplicity we restrict ourselves to the low-frequency limit
assuming that (i) w < 47 so that we may put r ~ 1, (ii)
the wavelength is much larger than both the skin-layer
depth and the London penetration depth

2

(%) < min{zjﬂgw;;}, (19)
(iif) (w/e) < l", what corresponds to the limit of well-
developed superconductivity, and (iv) w/c < €1, The
above conditions also allow one to assume that inside the
superconductor the magnetic field has only the nonzero
component B, and, at the same time, go beyond the
Leontovich boundary conditions (see, e.g., Ref. [47]) by
considering the component E, of electric field, which in-
duces the charge imbalance potential ® inside the sample
and gives rise to the photogalvanic phenomena. Solv-
ing the Ginzburg-Landau and Maxwell equations, we find
that for z > 0

= iwle By sin6 exp (zk sin Oz — Z) . (20)

2o lg
Then solving Eq. (15) perturbatively with respect to the
wave amplitude By, substituting the solution to the ex-
pression for the superconducting current (16), and, fi-
nally, integrating the resulting expression over z, we ob-
tain the second order (in B,) contributions to the to-
o0

tal current density I, = [ j,.(2)dz in the form I, =
0
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IO 4 1@ 4 129 Here the first component is the dc
current corresponding to the photon drag effect:

7o _ éBgsinﬁ wT y
T \on T Hen (14 w?r2n?2)
T
Re (VLFITY gy
(2 —iwT)

where n = [4,/¢2, and H,,, = ®¢/(2v/27€)) is the ther-
modynamic critical field. The term I$*) stands for the
usual linear response contribution, while the contribu-
tion Ig(c%) describes the second harmonic response, which
oscillates at 2w frequency:

(w) _ _v_§Bising
* \/§7T7_ Hep,

,L'wTe2zk sin Oz —2iwt

fe <(2 —iwT) (1 — iw777)3/2> - (22

Both expressions for the current given above strongly
depend on frequency, with the characteristic frequency
scale 71, For rather large frequencies w7 >> 1, the super-
conducting contribution to the rectified current becomes
suppressed, and we get a crossover from the supercon-
ducting to normal-metal state. Note that this crossover
occurs for frequencies iw < 2A, which can be still in the
range of validity of the TDGL theory.

It is interesting to address the relation between our
mechanism of current rectification and the mechanisms of
the surface photogalvanic effect (SPGE) and photon drag
effect (PDE) known in nonsuperconducting systems. 849
This relation does not appear so obvious due to the spe-
cific physics underlying the second-order nonlinear effects
in superconductors. Let us consider this issue in more de-
tail. The current in Eq. (21) does contain the factor sin 6,
which means that we can rewrite the current in the form
Ju ~ kz|EJ?* (the factor w/c can also be extracted from
Eq. (21)). This fact seems to indicate a close relation of
our effect to the PDE. On the other hand, the expres-
sion j, ~ E_EZ, typical for the SPGE current is also
relevant, since the strong reflection of the electromag-
netic wave from the metallic surface and resulting ap-
proximate Leontovich boundary condition make the elec-
tric field vector inside the superconductor almost paral-
lel to the surface, giving us again the factor sin# men-
tioned above. Considering a different polarization of the
incident electromagnetic wave, i.e., taking s-polarization
with the electric field vector perpendicular to the plane
of incidence, we also cannot clearly distinguish between
the possible analogies of our effect in nonsuperconducting
systems. Indeed, in this case our mechanism gives zero
rectified current, since the charge imbalance potential is
not generated for this geometry. In this sense, the sup-
pression of the effect is analogous to the suppression of the
SPGE in non-superconducting systems.*’ On the other
hand, one can see that the time-averaged Hall current,
which underlies the PDE also vanishes in this case due
to the compensation of the magnetic field components
perpendicular to the surface in the incident and reflected

waves. Still, the analogy of our effect to the PDE looks
more promising in view of the fact that both the rectified
supercurrent calculated in our work and the Hall effect
in superconductors are governed by the imaginary part
of the relaxation constant in the TDGL theory. Never-
theless, we cannot insist on this analogy in the absence
of a full microscopic analysis of the rectification mecha-
nism. We should also note that the particular mechanism
of SPGE,* which assumes the interband transitions and
diffusive scattering of electrons, clearly cannot be applied
for the case of supercurrent rectification. To sum up, at
the moment we consider the analogy with the ac Hall
effect and PDE to be more relevant, though we believe
that only further studies on the basis of microscopic the-
ory may help to classify the studied effect correctly.

Experimentally, the above photon drag effect can be
measured, e.g., by embedding the superconducting sam-
ple into a conducting loop where the generation of the
optically controlled current should be accompanied by
the changes of the magnetic flux trapped inside the loop.
At the same time, the second harmonic response can be
detected by analyzing the spectrum of reflected electro-
magnetic waves.

Inverse Faraday effect in superconducting disk

Somewhat similar situation is realized in a thin supercon-
ducting disc of the radius R and thickness d (considered
to be much less than the London penetration depth A) ir-
radiated by a circularly polarized wave, which propagates
perpendicular to the disk surface (see figure 1), with an
electric field acting on electrons inside the superconductor
given by E = E; Re [(e, +ie,)e "']. Here we choose
the origin of the coordinate system with the in-plane axes
x and y in the disk center).'® Although the electric field
is parallel to the disk surface, it obviously has a nonzero
projection normal to the disk edge. According to the
above analysis, this gives rise to the charge imbalance po-
tential and, therefore, to the generation of a circulating
dc current. Further calculations of the charge imbalance
potential are based on Eq. (17) and thus we generalize
here the results of Ref. [1] for arbitrary ratios {5 /R.
Solving the Ginzburg-Landau equation together with

ligh

d« A

Superconducting disk

Figure 1. Illustration of the inverse Faraday effect in a thin su-
perconducting disk irradiated by the circularly polarized wave. The
photoinduced circulating dc current ji)?j),kp creates the magnetic mo-
ment of the disk.
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Figure 2. Dependence of the azimuthal dc photocurrent on the
distance from the disk center for R = 0.1 (panel a) and R = 3§
(panel b), I/¢ = 1/4/5.79 and different values of the normalized
frequency wr.

the boundary condition at the edge of the disk

(9,9 + E,,)p:R —0
(here we use the polar coordinates p and ), we find that
® =—EyRf (gy,p), where

Ji (gp)
qRJ, (qR) — Jy (qR)7

f(g,p) = (23)

¢3 = —l3? (we choose Im ¢, > 0), J, and J; are the
Bessel functions. Then solving Eq. (15) perturbatively
with respect to the wave amplitude E|, substituting the
solution to the expression for the superconducting current
(16), and considering the contribution at zero frequency,
we obtain the expression for the azimuthal component of
the dc photoinduced current:

.(0) 1 R 2l2E

Tene =0 e g — )

Ref (£ - ftn ) (1- L)},

where j, = 4e3A3E2T3v/(rayémd) and ¢f = iwr /€% —
2/€2% [we choose Im ¢, > 0]. Typical current density pro-
files for different disk radii are shown in figure 2.

The circulating dc current creates a time-independent

magnetic moment

p R
.(0
M, = E/Jéh)’wﬂ'pde.
0
The generation of such magnetic moment by the circu-
larly polarized electromagnetic wave is, in fact, a man-
ifestation of the inverse Faraday effect. In the limit of

small disks (R < &) one finds:

11 (R2>2 1 <<(§>2
B e T s
256 \ &) wr’ R
M, = M, E (24)

2 (&) a
oz = (3)
where M, = (jyRd/c)mR*(R/¢). This photoinduced
magnetic moment will, of course, be partially screened
by dc Meissner currents. We omit this effect, assuming
the disk radius R to be much smaller than the effective
screening length A\?/d.

In addition, one can find the radial dc photocurrent
jlg?l , in full analogy with the calculation of the azimuthal
one. This current has nonzero divergence and it should
be compensated by another current in order to prevent
the time-dependent charge accumulation. In supercon-
ductors, the compensating mechanism arises from the in-
homogeneous distribution of the zero-frequency supercon-
ducting phase X(O)(p). In case of a thin superconducting
disk this phase can be obtained from the equation

471')\2 (0) ch (0)
Jph,p + 27€VX = 0

Thus, the superconducting phase difference arising be-
tween the center and the edge of the disk opens the way
for using such a system as a phase battery.*3 44

Interaction of superconductor with structured light

Another interesting situation occurs in superconductors
irradiated with so-called twisted light, which can be real-
ized in Bessel or Laguerre-Gaussian beams.?%%% The key
feature of twisted light is its non-zero orbital momen-
tum, which can be transferred to electrons in conductive
media.?! We consider the interaction of a Bessel beam
characterized by an angular momentum L with a bulk
superconductor occupying the half-space z > 0. Below
we show that the induced photocurrent contains contri-
butions from both the inverse Faraday effect due to the
polarization rotation, and the photon drag effect due to
the transfer of orbital momentum.

Let us remind that a Bessel beam is defined as a su-
perposition of plane waves with wave vectors k lying on
a cone with a fixed angle ¥ to the propagation axis z.
The magnetic field of the Bessel beam in vacuum can be

written as follows:® %054
) ,
H(e) = HL,(De) — 7067th+1-]€22+1'wa
H
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—Jpa(kp)o_ — Jp_4(kp)oy
i1 (kp)o_ —iJy_y(kploy
—2bsin ¥Jp, (kp)

, (25)

where k = ksind, o, = a £ ibcos?, and a and b are
the components of a mixed polarization unit vector of
the plane waves forming the beam, corresponding to the
contributions of p- and s-polarizations.

Using Maxwell equations inside the bulk supercon-
ductor in the low-frequency limit (19) and taking into ac-
count the reflected wave (assuming reflection coefficients
for p- and s-polarizations 7,7, ~ 1) and the continuity
of the tangential component of the magnetic field at the
boundary z = 0, we can neglect the z-component of the
magnetic field and obtain the field inside the supercon-
ducting half-space:

H(’L) _ BoefithriL(pefz//\cff «

—Jpa(Ep)o_ —Jp_y(kploy

iy (kp)o_ —idy_y(kp)oy |, (26)

where

1 1 12
= 1iw7E>.
W (e

Next, by analogy with the previous sections, one can
obtain the charge imbalance potential ®, the gap function
A, and therefore, the dc photocurrent, which contains
azimuthal, radial and vertical components. For example,
the expression for the azimuthal dc photocurrent takes
the form:

o vBiesnd & g, {i)\* (eql _ ei‘hz)
Tpine V2rH,, A& —213%) |\ g -
y 2
K Kp

(27)

dp

Bgm/ ,

Figure 3. Magnetic field profile B, (z,y). Here we put A/§ = 2,
lg/€ = 1/V5.79, wr =1, B' = 4rvB2/V/2H,,,. The values a =
1/\/§,b = i/ﬂ,l = 2 are used.

where the expressions for the values ¢; and ¢, are the
same as in the previous subsection.

One sees that Eq. (27) contains two contributions.
The term proportional to k=1J.(rkp)(0J. (kp)/Op)
requires the presence of both p- and s-polarizations and
can be viewed as a manifestation of the inverse Faraday
effect. The term proportional to (L/kp) J7 (kp) is anti-
symmetric under the transformation L — —L and origi-
nates from the photon drag effect.

It should be mentioned that, since the generation of
the charge imbalance potential ® requires the presence of
an electric field component perpendicular to the sample
surface, the plane waves forming the beam must have a
p-polarization contribution.

The photoinduced dc current is screened by the Meiss-
ner current jg\?[), which cancels the dec magnetic field B()
inside the superconductor at the distance of the London
penetration depth A from the surface z = 0. Besides
that, as was mentioned above for the case of a disk, since
dc photocurrents have nonzero divergence, they should
be compensated by an inhomogeneous superconducting
phase x(®. All these dc currents and the magnetic field
can be obtained from the electrodynamic system of equa-
tions:

4
curl curl A© = %T (jg\? +j$1)) ,

2 (28)
4T he

Tjg\(/)[) =_AO ¢ %VX(O) ,

where curl A©) = B(),

Detailed calculations performed in a recent paper®
show that the presence of the screening Meissner cur-
rent leads to the total compensation of the magnetic mo-
ment created by the dc photocurrent, so that the resulting
magnetic moment is zero. At the same time, the compo-
nents of the dc magnetic field B(?) are nonzero and can
be measured experimentally. Typical spatial profiles of
the z-component of the dc magnetic field are shown in
figure 3.

3 Conclusion

To sum up, we have presented a review of our recent
works on the phenomenological description of the mecha-
nisms of second-order nonlinear response of superconduc-
tors irradiated by electromagnetic waves in the microwave
and THz frequency range. The resulting rectification ef-
fect for electromagnetic radiation of different polarization
and orbital momenta is shown to give rise to dc photocur-
rents, magnetic moments and magnetic fields, as well as
provides the possibility to realize the setup with the dc
superconducting phase differences tuned by electromag-
netic radiation. This photoinduced phase battery effect
can be exploited, e.g., in multiply connected geometries
for switching between the superconducting states with
different vorticities. The effect of photoinduced switch-
ing between vortex states according to the above mech-
anisms provides a convenient tool for superconducting
optofluxonics allowing one to manipulate the magnetic
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flux trapped inside the loop, which is promising for ap-
plications in the devices of the rapid single-flux quantum
logics.
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