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e present microscopic calculations of fourfold-shaped

Abrikosov vortices arising in a square crystal lattice.
By solving the Bogoliubov—de Gennes equations, we demon-
strate that as the Fermi surface is tuned from circular to
square-like via the chemical potential, the Caroli-de Gennes—
Matricon vortex-core states evolve from radially symmetric
profiles into a pronounced fourfold-shaped pattern. We addi-
tionally reveal a simultaneous presence of Cs symmetry from
the Fermi surface and C¢ symmetry from the Abrikosov lat-
tice. As a result, we anticipate unconventional symmetry
features in the spatial pattern of zero-bias conductance in
materials with anisotropic Fermi surfaces.

Introduction

The inner structure of Abrikosov vortices is characterized
by the presence of localized quasiparticle bound states.
These states were first predicted by Caroli, de Gennes
and Matricon (CAGM) as a discrete set of low-energy
excitations confined within the vortex core, with a char-
acteristic energy spacing of the order A?/Er, where A
is the superconducting gap and Ep is the Fermi energy.!
The lowest-energy CAGM states are localized near the
vortex center, while higher-energy states extend progres-
sively farther into the surrounding superconducting re-
gion. These bound states determine the local density of
states (LDOS) inside the vortex core and play a crucial
role in the low-temperature electronic properties of su-
perconductors.

Vortex bound states are of considerable interest for
understanding conventional superconductivity and for in-
terpreting vortex-core spectroscopy in candidate topo-
logical materials.? In topological superconductors, vor-
tices may additionally host zero-energy Majorana bound
states,® and candidate signatures have been reported in
several systems.*® The present work focuses on con-
ventional CdGM states, whose detailed spatial structure
provides an essential reference for distinguishing differ-
ent low-energy vortex-core excitations. More generally,
the spatial structure of the CAGM states can serve as a
sensitive probe of the electronic structure of a supercon-
ductor, allowing vortices to act as localized spectroscopic
detectors of the behavior of quasiparticles.” !°

In the simplest case of an isotropic Fermi surface and
an isotropic superconducting gap, the vortex core states
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are expected to be radially symmetric, forming concen-
tric ring-like LDOS patterns around the vortex center.
Nevertheless, experiments have demonstrated®? 1! that
in many real materials vortex cores frequently exhibit a
pronounced spatial anisotropy that reflects the underly-
ing electronic structure. Scanning tunneling microscopy
studies have revealed vortex bound states with sixfold,
fourfold, or twofold spatial symmetry, depending on the
material under study. Sixfold-symmetric vortex cores
have been observed in superconductors with triangular
vortex lattices.'? Twofold-symmetric vortex cores have
been reported in materials with strong electronic ani-
sotropy or nematic order.'® Fourfold-symmetric vortex
bound states have been extensively observed in systems
with underlying square lattice symmetry, including iron-
based superconductors.'*

Several mechanisms can lead to anisotropic vortex
core states. These include anisotropy of the supercon-
ducting gap,'® 6 anisotropy of the Fermi surface,'® and
interactions between neighboring vortices in a vortex lat-
tice.!'” Among these effects, anisotropy of the Fermi sur-
face is especially essential since it directly reflects the
symmetry of the crystal lattice and determines the an-
gular distribution of the quasiparticle velocities. Quasi-
particles tend to propagate preferentially along directions
with large Fermi velocity or low Fermi surface curva-
ture, imprinting the Fermi surface symmetry onto the
spatial structure of the CdGM states. Theoretical stud-
ies based on quasiclassical and the Bogoliubov—de Gennes
approaches have shown'® 819 that Fermi surface aniso-
tropy alone can produce strongly anisotropic vortex cores,
even for an isotropic superconducting gap.

In addition to single-vortex properties, the geometry
of the vortex lattice can influence the vortex core states
when the vortices are sufficiently close.!”2%2!1 While the
vortex lattice is often triangular due to isotropic intervor-
tex interactions, experiments indicate that vortices with
intrinsic fourfold symmetry can exist within a triangular
vortex lattice. This situation has been observed in several
iron-based superconductors, where the electronic struc-
ture enforces fourfold anisotropy, while the vortex lat-
tice remains triangular under applied magnetic fields.'2
The interplay between the intrinsic anisotropy of individ-
ual vortex cores and the vortex lattice geometry remains
an open theoretical problem. In the effective setting con-
sidered below, the two symmetries originate from differ-
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ent constituents: an isotropic bulk superconductor sup-
plies the vortex configuration, while a thin square-lattice
conducting layer supplies the anisotropic dispersion.

In this work, we theoretically investigate the local
density of states around an Abrikosov vortex in such a
square-lattice conducting layer, both for an isolated vor-
tex and for a triangular vortex lattice supplied by the
bulk superconductor. We focus on the role of Fermi sur-
face anisotropy and vortex—vortex interactions in shap-
ing the spatial structure of CAGM states. The problem is
studied by numerically solving the Bogoliubov—de Gennes
equations for different types and strengths of Fermi sur-
face anisotropy. Our results clarify the conditions under
which the fourfold symmetry of the vortex core states
is preserved or modified by the surrounding triangular
vortex lattice, providing insight into recent scanning tun-
neling microscopy experiments on anisotropic vortices in
iron-based superconductors.

Model

The calculations are done for a thin conducting layer with
a square-lattice tight-binding spectrum coupled by single-
particle tunneling to a macroscopically thick isotropic
bulk s-wave superconductor. The total Hamiltonian of
the combined system can be written as

’ ’Al A12
H = | . B 1
tot <tf2 Hb) ’ (1)

where 7 and ﬁb correspond to the conducting layer and
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Figure 1. Fermi surfaces within the first Brillouin zone for various
chemical potential values, illustrating the evolution from a circular-
like to a more square-shaped surface.

The effective Hamiltonian used in the calculations is

H=- Z tijczacja + Z AiCzTTCL*
7

1jo
- Z Ajcicip — Z Nig.  (3)

Here c;ra (c;,) are electron creation (annihilation) oper-
ators with spin o at lattice site ¢, n,, = c;-racw is the

particle number operator, p is the chemical potential, A,
is the pair potential induced by the bulk superconductor,
and ¢,; is the tunneling amplitude between sites ¢ and j,

the bulk superconductor, respectively, while the off-diagonal Which, together with p, gives rise to a nontrivial Fermi

blocks describe tunneling through the interface with a
characteristic amplitude ¢5.

The Green function of the conducting layer is defined
by

G_l(wn) =idw, — H —ty (iwn — ﬂb)_lffg, (2

~—

where w,, is the Matsubara frequency. The last term de-
scribes the superconducting proximity effect produced by
the bulk superconductor. Its anomalous part is propor-
tional to |t5|*F)(r;,r;;w,), where F, is the anomalous
Green function of the bulk superconductor. For the low-
energy subgap states considered here, the leading contri-
bution of this term can be represented by the induced pair

potential A; entering the effective Hamiltonian below.

We assume that the interface is sufficiently transpar-
ent to produce an appreciable superconducting proximity
effect, while the conducting layer is sufficiently thin and
its coupling to the much thicker bulk superconductor is
sufficiently weak that the bulk vortex structure remains
essentially unchanged. In the tunneling model, the cou-
pling through the interface is characterized by t;,. Under
these conditions, A, inherits, to a good approximation,
the phase winding, spatial profile, and symmetry of the
bulk superconducting state, while its magnitude is set by
the strength of the proximity effect.

surface.
In the Bogoliubov—de Gennes (BdG) approach, the
solution to the Hamiltonian is reduced to the solution of

BdG equations?? 23
H —H AA u) _ g 7 (4)
A* —H*+p/) \v v
where A;; = A;6;;, and the single-particle Hamiltonian
H has the matrix elements
H;; = —t,;. (5)
In our numerical calculations, we considered the simplest
case of nearest neighbors with
ty; = e, (6)
when the lattice sites 7 and j are nearest neighbors. We
assume the Landau gauge in which the Peierls phase x,; =
0 if the sites 7 and j are neighbors along the x axis, and
Xij = Tmn(z; — xg)/a if y; —y; = £a, n = /P, is the
number of quanta of magnetic flux through the unit cell.
We vary the chemical potential y to achieve the tran-
sition from radial to Cy symmetry. The corresponding
Fermi surfaces for 4 = —0.5¢, —2.0t and —3.5¢ are shown
in figure 1.
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For an isolated vortex, the pair potential inherited
from the isotropic bulk superconductor is approximated
by the radial profile

A, = Age™ tanh (T) (7)

where A represents the magnitude of the homogeneous
gap, |r; —ry| is the distance from the center of the vortex,
¢ denotes the coherence length, and 6, is the polar angle
at the lattice site 7. Although the leading pair-potential
profile inherited from the bulk superconductor is radially
symmetric, the LDOS of the vortex core follows the sym-
metry of the underlying Fermi surface. This symmetry
breaking can be directly observed in the zero-bias con-
ductance (ZBC) measurements.

The square-lattice quasiparticle dispersion can gen-
erate a fourfold correction to the local pair amplitude
(ciycip) in the thin layer. In a complete self-consistent
treatment, the inverse proximity effect can also modify
the bulk vortex profile and produce quantitative changes
in the core size, the CAGM energies, and the LDOS in-
tensities. For a thin conducting layer coupled to a much
thicker isotropic superconductor, the bulk profile is ex-
pected to provide the leading approximation used here.

For the multi-vortex calculation, we assume that the
isotropic bulk superconductor is in a field and tempera-
ture range where a triangular Abrikosov lattice is stable.
Its Ginzburg-Landau solution,?* written in terms of the

Jacobi theta function,?® is used for A;,
o T 2 T; + 1Y, 7'—1‘
A; = Cexp < 5 (x; — x0) ) ﬂ(iz‘d + 5 T)a (8)

where C provides normalization to the magnitude of the
homogeneous gap Ay, d denotes the spacing between vor-
tices in the Abrikosov lattice and 7 = €?™/3 represents the
symmetry factor. The Jacobi theta function is defined by
the expression

o0

Z exp (min®t + 2minz) . 9)

n=—oo

O(z|7) =

The solution (8) is consistent with the choice of the Lan-
dau gauge when determining the Peierls phases in Eq. (6)
with 29 = v/3/(4d), n = ®/®, = a?/S, S = V/3/(2d?),
and S is an area of the vortex lattice unit cell containing
one quantum of magnetic flux.

The triangular lattice supplied by the thick isotropic
bulk superconductor can provide a good approximation
to the self-consistent vortex configuration of the complete
heterostructure when the bulk contribution dominates
the vortex-lattice free energy. In a single-component
fourfold-anisotropic superconductor, or when the influ-
ence of the conducting layer on the bulk condensate is
appreciable, the equilibrium vortex lattice can instead
become rhombic or square.'®26 The results below apply
to the case where the thin layer produces only a small
anisotropic correction to the vortex configuration.

For numerical calculations, we use Ay = 0.1t and
¢ = 10a, where a is the lattice constant. The size of the
lattice reaches values up to 200a x 200a, which is much
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Figure 2. LDOS in the vicinity of a vortex for different values of
the chemical potential u, illustrating the evolution from a circular
to a more square-shaped Fermi surface at several energies. Here, £
denotes the coherence length, and Ag represents the magnitude of
the uniform gap.

low

larger than the characteristic size of the vortex. The BdG
equations (4) can be solved using various approaches, in-
cluding exact diagonalization,?” kernel polynomial meth-
0ds,?® and even machine learning techniques.2?3° To cal-
culate the local density of states in the vicinity of the
vortex core, we employ the Chebyshev-Bogoliubov—de
Gennes approach,?® a kernel polynomial technique that
enables efficient treatment of large system sizes.

Results

In order to show the transition from the radial to squarish
structure of a single vortex, we calculate the local density
of states according to the solution of the BdG equations
(4) with a pair potential profile (7). Using this leading
pair-potential profile as input, the solution of the BdG
equations yields the LDOS near the vortex center shown
in figure 2.

As is well known, for a circular Fermi surface (u =
—3.5t), the vortex core states exhibit the radially sym-
metric structure predicted by CdGM theory.! Their en-
ergy spectrum is given by E,, = mA?/Ep, with half-
integer angular momentum quantum  numbers
m = +1/2, £3/2, £5/2,.... The lowest-energy states are
tightly bound to the vortex center, while higher-energy
states extend progressively outward.

When the Fermi surface becomes squarish (u = —2.0¢),
the vortex states develop a clear fourfold symmetry, yet
the same energy-dependent spatial structure persists: low-
energy states remain concentrated near the core, and
higher-energy states appear at larger distances. Inter-
mediate chemical potentials merely enhance the squarish
shape without altering this trend. In the extreme case
1 = —0.5¢ the anisotropy becomes strongly pronounced.
The low-energy states are aligned with the diagonal di-
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Figure 3. Zero-bias conductance (LDOS at E = 0) in the vicinity of a vortex within a triangular Abrikosov lattice, shown for various
intervortex spacings d and different Fermi surfaces (set by u). Here, & denotes the coherence length and ¢ is the hopping amplitude.

rections, producing a four-leaf pattern in the LDOS at
zero energy that is directly visible in ZBC maps.

The Fermi surface anisotropy is not the only mecha-
nism that can reshape the CdGM bound states. We next
consider the triangular Abrikosov lattice supplied by the
isotropic bulk superconductor. As the lattice constant
d decreases, neighboring vortices become close enough to
influence the core states of each other. To investigate this
effect, we compute the LDOS near a vortex embedded in
an Abrikosov lattice, scanning both lattice constant d and
different Fermi surface shapes controlled by the chemical
potential p. The results are summarized in figure 3. The
upper panel displays the pairing potential ansatz for var-
ious d obtained from Eq. (8). The lower panels present
the corresponding near zero energy LDOS for the central
vortex, revealing how the vortex core structure evolves
with d and p.

For the circular Fermi surface (u = —3.5t), the vortex
core states remain nearly unchanged as the vortex lat-
tice constant d decreases. In practice, vortices have to
approach each other extremely closely before the radial
symmetry of the CAGM states becomes disturbed.

In contrast, an intermediate value of the chemical po-

tential (u = —2.0t) reveals a nontrivial evolution of the
vortex core symmetry upon vortex approach. For large
d = 5&, the vortex state is identical to the one of iso-
lated vortex shown in figure 2. However, as d becomes
smaller, the influence of the sixfold symmetry originating
from the surrounding triangular Abrikosov lattice grows
comparable to the influence of the intrinsic fourfold sym-
metry of the vortex core. This interplay gives rise to a six-
leaf pattern in the local density of states at low energies.
Strictly speaking, this is not a perfect sixfold symmetry
because the leaves are not equivalent. The inequivalence
becomes even more pronounced for the extreme Fermi
surface anisotropy (u = —0.5t), where the contributions
arising from the intrinsic Fermi surface anisotropy ver-
sus those induced by the vortex lattice geometry can be
clearly distinguished. Accordingly, within the field and
temperature range where the bulk vortex lattice remains
triangular, for systems possessing a roughly square Fermi
surface, we anticipate a change in the vortex core struc-
ture as the external magnetic field is raised and the re-
sulting vortex density increases. This evolution should be
directly observable in ZBC measurements.

Finally, we investigate the near zero-energy LDOS
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Figure 4. Zero-bias conductance (LDOS at E = 0) shown for various rotation angles « of the Abrikosov triangular vortex lattice with
respect to the square crystal lattice and the Fermi surfaces (different values of ). Here, & denotes the coherence length and ¢ is the hopping

amplitude.

profile as a function of the relative orientation between
the crystal lattice and the vortex lattice. In real sam-
ples, the angle between the crystallographic axes and the
Abrikosov vortex lattice can vary due to sample imperfec-
tions and vortex pinning. In figure 4 we present the spa-
tial LDOS profiles for different rotation angles between
the two lattices.

In the heterostructure considered here, the relative
orientation can be selected by weak interfacial anisotropy,
sample boundaries, defects, or vortex pinning. Figure 4
therefore presents the electronic response for prescribed
symmetry-inequivalent orientations. The equilibrium va-
lue of « is material- and geometry-dependent and requires
a separate calculation of the total free energy.

The combined Cj and Cg rotational symmetries make
the relative orientation periodic under a rotation of 30
degrees, while mirror symmetry identifies a@ with —a.
Therefore, we show results for angles from 0 to 15 degrees,
which capture all symmetry-inequivalent configurations.

Figure 4 reveals how the system transforms as the
angle of misalignment increases. For the circular Fermi
surface (u = —3.5t), the vortex core remains isotropic and
unchanged, as expected. In sharp contrast, for interme-
diate (pr = —2.0t) and extreme (u = —0.5¢t) values, which
correspond to squarish Fermi surfaces, the system devel-
ops a pronounced twofold symmetry. The four-leaf pat-
tern progressively deforms and, when the misalignment
angle reaches 15 degrees, the LDOS becomes markedly
stretched along one of the diagonals. This crossover from
fourfold to twofold symmetry arises from the interplay be-

tween the intrinsic fourfold anisotropy of the vortex core
and the sixfold symmetric potential of the surrounding
vortex lattice. When the two lattices are misaligned, the
superposition no longer preserves the original fourfold or
sixfold axes, and a lower twofold symmetry emerges.

Conclusion

We have investigated the structure of Abrikosov vortex
cores in a thin square-lattice conducting layer proximity-
coupled to a macroscopically thick isotropic bulk s-wave
superconductor. Our focus is on the interplay between
the intrinsic fourfold anisotropy of the core and the six-
fold symmetry imposed by a triangular vortex lattice.
By solving the Bogoliubov—de Gennes equations, we de-
termine that a single isolated vortex supports fourfold-
shaped CdGM states, while a dense triangular vortex
lattice superimposes an additional sixfold symmetry on
the system. A misalignment between the crystal axes
and the vortex lattice leads to a twofold elongation of the
zero-bias conductance pattern.

Our calculations use an effective description in which
the superconducting state of the conducting layer is deter-
mined by the nearby bulk superconductor. We retain the
induced pair potential at each lattice site, while changes
in the normal electronic spectrum are included in the
effective hopping amplitudes t;; and chemical potential
. The vortex profile is taken to be radially symmet-
ric, and the many-vortex calculations assume a triangular
Abrikosov lattice. These assumptions are appropriate for
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a thin conducting layer coupled to a much thicker isotro-
pic bulk superconductor whose contribution dominates
the vortex shape and the vortex-lattice structure.

A more complete calculation, in which the two con-
stituents influence each other, could introduce a four-
fold correction to the pair amplitude and quantitatively
change the vortex-core size, the CdAGM energies, and the
LDOS intensities. If the conducting layer strongly affects
the bulk superconductor, if the bulk superconductor is
sufficiently thin, or if the superconducting constituent it-
self has pronounced fourfold anisotropy, the vortex lattice
may become rhombic or square and the sixfold features
discussed here may be weakened. The calculations also
assume a clean ideal system and prescribed relative orien-
tations. Disorder, pinning, sample boundaries, and inter-
face anisotropy may modify the detailed LDOS patterns
and select the equilibrium orientation. Under these as-
sumptions, our results provide qualitative predictions for
systems in which an anisotropic quasiparticle spectrum
coexists with a triangular vortex lattice determined by
the bulk superconductor.
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